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LOCALLY FLAT IMBEDDINGS OF TOPOLOGICAL MANIFOLDS

BY MORTON BROWN*
(Received August 14, 1961)

I. Introduction

Let us say that a topological (n — 1)-sphere ="' imbedded in the n-
sphere S™ is flat if there is a homeomorphism of S™ upon itself which
carries "' onto the equator S** of S*. The classical result of Schoenflies
states that every X' in S*is flat. Antoine [1] and Alexander [3] exhibited
imbeddings of 2*in S® which are not flat. These examples can be modified
to produce non-flat imbeddings of ="' in S* for n = 3. However,
Alexander [2] proved that a sufficient condition for =* to be flat in S®is that
it be a polyhedron (i.e., the union of a finite collection of convex cells).

In view of Alexander’s theorem, let us define a compact subset X of S*
to be tame if there is a homeomorphism of S* upon itself carrying X onto
a polyhedron, semi-locally tame if there is a homeomorphism of a neighbor-
hood of X into S* carrying X onto a polyhedron, and locally tame if for
each point x € X there is a neighborhood N, of « in S™ and a homeomor-
phism of N, into S” such that the image of N, N Xis a polyhedron. Moise
[8] proved that a =*in S*®is tame (and hence flat) if it is semi-locally tame.
Bing [4] (and independently Moise [9]) proved that =* is semi-locally tame
in S®if it is locally tame.

For n > 4 it is still unknown whether a tame 3"~ in S must be flat.
(See however Newman [11] or Theorem 7 of this paper.) Recently, at-
tempts to circumvent this barrier have been successful. Let us define a
S in S* to be bi-collared’ if there is a homeomorphism of some neighbor-
hood of =" into S* carrying ="~ onto the equator S*~* of S™ and locally
flat if for each point « of =~ there is a neighborhood N, of « in S™ and
a homeomorphism of N, into S” such that the image of N, N =" lies in
S*'. In 1959 Mazur [6] proved that a bi-collared =" is flat if the defin-
ing homeomorphism is piecewise linear on some non-empty open set. An
important consequence of Mazur’s theorem is that a differentiably imbed-
ded =" *in S* is flat. Of equally great importance was the indication (in
view of Mazur’s elegant proof) that some important theorems in higher
dimensions might be accessible by elementary techniques.

In 1960 Brown [5] proved that every bi-collared =*~* in S* is flat. Shortly

* The author holds a National Science Foundation Fellowship.
0 Mazur calls this ““collared’’. It is also referred to as the ‘‘shell hypothesis’’. We prefer
to reserve the term collar for the one sided case.
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332 MORTON BROWN

afterward Morse [10] succeeded in removing the hypothesis of piecewise
linearity from Mazur’s argument. One of the consequences of the results
in this paper is that a locally flat =*~! in S* is bi-collared. The following
diagram indicates the present status of affairs for 3! in S™.

FLAT —  TAME

1 !

BI-COLLARED  —  SEMI-LOCALLY TAME
1 i

LOCALLY FLAT — LOCALLY TAME

Statement of results. The main theorem of this paper is that a mani-
fold with boundary has collared boundary (see §§ II; IV for definitions).
From this we derive the result that a two-sided (n — 1)-manifold imbed-
ded in a locally flat fashion in an n-manifold is bi-collared. We also give
a new proof (originally due to Newman [11]) that a combinatorial (n—1)-
sphere imbedded as a subcomplex of a combinatorial subdivision of the
n-sphere is flat.

The author is indebted to E. A. Michael for numerous helpful discus-
sions. In fact, many aspects of the formulation and proof of Theorem 1
in its present generality are the result of joint work.

II. Collared subsets

Let X be a topological space and B a subset of X. Then B is collared
in X if there is a homeomorphism h carrying B x I'* onto a neighborhood®
of B such that &(b, 0) = b for all b ¢ B®. If B can be covered by a collec-
tion of open subsets (relative to B) each of which is collared in X, then B
is locally collared in X. (The most important example of a locally col-
lared subset is the case where B is the boundary of a manifold with bound-
ary.) If there is a homeomorphism & carrying B x (—1,1) onto a
neighborhood of B such that k(b, 0)=b for all b € B, then B is bi-collared
in X.* Similarly, B is locally bi-collared in X if B can be covered by a
collection of bi-collared open subsets. (The unit (n — 1)-sphere of E" is
bi-collared in E". On the other hand the central circle of a Mobius band
is locally bi-collared but not bi-collared.)

LEMMA 0. Let Bbe a subset of a topological space X. A mecessary and
sufficient condition for B to be collared in X is that every homeomor-
phism g: B— —B* can be “‘extended’’ to homeomorphism g of Bx I’ onto

t I’ denotes the sect [01).

2 All neighborhoods will be open.

3 The emply set will be considered to be both collared and bicollared.
4 ““»> -’ means ‘‘onto’’.
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LOCALLY FLAT IMBEDDINGS 333

a neighborhood of B in X such that g(b, 0) = g(b) for each b e B.°

Proor. The proof of sufficiency is trivial, for we may take g to be the
identity map. Suppose, on the other hand, that B is collared in X and
g: B—— Bis a homeomorphism. By hypothesis there is a homeomorphism
h of B x I' onto a neighborhood of B such that ~(b,0) =b, be B. Let
g*: BxI' - — Bx I’ be the homeomorphism defined by g*(b, t)=(g(b), %),
and let g: Bx I’ — X be defined by § =hg*. Then g is a homeomorphism
of Bx I’ onto a neighborhood of B(i.e., k(B xI')) and

g(, 0) = kg*(b, 0) = R(g(b), 0) = g(b)

In the next lemma we show that if a homeomorphism of Bx 0 into X
can be extended to neighborbood of Bx0in Bx I’, then it can be extend-
ed to BxI'.

LEMMA 1. Let B, X be metric spaces, and N a neighborhood of B x 0
in BxI'. Suppose h: N — X is a homeomorphism of N onto a neighbor-
hood of k(B x 0) in X. Then there is a homeomorphism h': B x I' - X
such that b’ | Bx0 = h| Bx 0 and h'(BxI') is a neighborhood of h(Bx 0).

Proor. Let d be a metric for B such that under d the diameter of B
is less than 1. Let D be the metric for Bx I’ defined by D((x, t), («’,t"))=
max (d(zx, x'), |t — t'|). For be Blet g(b) = D(b,(BxI') — N). Then g
is a continuous positive real valued function on B, and for all b€ B we
have g(b) < 1. Let I': B x I' > N be the homeomorphism defined by
I'(b, t) = (b, tg(b)), and let »’ = hI.

III. Spindle neighborhoods

Suppose Z = Bx I' where B is a metric space. Let U be an open sub-
set of B and »: U— [0, 1] a map® such that M«) = 0 if and only if
2 e U— U. We define the spindle neighborhood S(U, \) by:

S(U,\) = {(x,t)e BxI'|(x,0) e U, t < M)} .

It is easily seen that S(U, \) is a neighborbood of U x 0 in BxI’, and
that the spindle neighborhoods form a neighborhood basis for U x 0 in
BxI'. For, suppose O is an open subset of Bx I’ containing U x 0. Let
D be the metric for Bx I’ defined in the proof of Lemma 1. For xz € Ulet
Mx) = min[D(x, U — U), D(x,(BxI') — 0)]. Then S(U, ) c O.

The map Tgy, »,. Suppose S(U, \) is defined as above. We define a map
Tgw.n: BxI'-> — BxI' by

5 A Similar argument proves the corresponding theorem for the bi-collared case.
6 A ‘“map’’ is a continuous function.
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334 MORTON BROWN

(=, 1), (@, t)¢ S(U, \)
o, t) = 1@ 0 @ tes(u, 4)
(@, 2t — \M@)) , (@, t)e S(U,\) — S(U, %)

See Figure 1. In words, « is the identity on the complement of S(U, \),
collapses S(U, (\/2)) “‘vertically’’ onto Ux0, and carries the interval
[z, (\[2)(x)), (x, M(x))] linearly onto [(x, 0), (x, M(x))] for each  in U. Note
that = maps B x I' — S(U, (\/2)) homeomorphically onto B x I'.

L— SW, v

Figure 1

LEMMA 2. Let U be an open subset of the metric space B, N a neighbor-
hood of Ux0 in BxI', and f a homeomorphism of N onto the closure of
a neighborhood of U x 0 such that fl|Ux0 = 1. Then there is a homeo-
morphism f': N— BxI' and a neighborhood V of UxO0 in N such that

@1) f'|(N = N) = FI(N = N),

(2.2) f'(N)=f(N),

23 f'|lVv=1.

PRrRoOOF. (See Figure 2). Let S(U, \) be a spindle neighborhood of Ux0
such that S(U,») € N N f(N). Let @ be the associated mapping 7y,
and let f’: N — Bx I’ be defined by

x, X € S(U, %) ’
f(x) =
z fr(@) ,

2.4) n'fr is well defined on N — S(U, (72)) and carries it homeo-
morphically onto f(N) — S(U, (\/2)). First notice that = -carries
N—S(U, (\/2)) homeomorphically onto N. In turn, f carries N homeomor-
phically onto f(N). Now =' carries B x I’ homeomorphically onto
BxI' — S(U, (\/2)) and is the identity on the complement of S(U, \).

7 (2/2) is defined by (1/2)(x) = (1/2)A(x).

weN—S(U, %)
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LOCALLY FLAT IMBEDDINGS 335

Since S(U, \) c f(N), =" carries f(N) homeomorphically onto
FN) — S(U, (\2)) .

(2.5) 1" is a well defined map. Suppose y € S(U,(M2)) N (N=S(U,(M2))=
(U—-U)uf, t)lze U, t = \2)(x)}. If ye U — U,a"'fr(y) =y since @
and f are the identity on U — U. Suppose y = (x, (A\2)(x)), x € U. Then

T frn(y) = n:“f:r(oc,?l(x)) = 7 f(z,0) = 77 (x, 0) = (ac,%(x))= Y.

(2.6) f’1is a homeomorphism. It is evident from (2.4) and the definition
of £’ thatf’is 1 - 1. On the other hand f'(N—S(U, (7/2)) and f'(S(U, (\[2))
are closed subsets of f/(N). Finally, f’is a homeomorphism on each of
its domains of definition.

Evidently (2.2) is satisfied. Choosing V = S(U, (1/2)) wWe see that (2.3)
is satisfied. Finally, let ye N — N. Since S(U, ») € N N f(N), neither
y nor f(y) is in S(U, \). Furthermore x is the identity on the complement
of S(U, \). Hence

) = 7Yr(y) = n'f(y) = fW) -

This completes the proof of Lemma 2.

S

Figure 2

LEMMA 3. Let X, Bbe metric spaces and h: B— X a homeomorphism.
Suppose U,, U, are open subsets of B, K is a closed (subset relative to B)
of U, N U, and U, U U, = B. Suppose also that for i =1,2, h|U, can
be extended to a homeomorphism h; of U; x I’ onto a neighborhood of h(U,)
in X such that h;|U;x0 = h|U,. Then there is a homeomorphism
hi: U, x I' > — hy(U,x I") such that hy| U, x 0 = h| U, and h;| V =h, |V
for some neighborhood V of K x 0in (U, N Uy)xI'. (See Figure 3).

PROOF. Let Ube an open subset of U, N U, such that Kc Uc Uc U,N U,
Then there is a spindle neighborhood N of Ux0 in Bx I’ such that
N c hi*(h(U,x I')Nhy(U, x I")). Hence the map f: N— Bx I’ defined
by f(y) = hi'hy(y) is a well defined homeomorphism, f| U x0=1 and f(N)
is open in Bx I'. Applying Lemma 2 we obtain a homeomorphism f": N—
Bx I’ and a neighborhood V of U x0° such that:

8 V can be chosen as a subset of (Uy N Uz) X I’.
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336 MORTON BROWN

3.1 f|(N—N)=FI(N—N),
(3.2) f(N) = f(N)

8.3 f'IV=1.
Define hi: U, x I' - X by
(3.4) hx) = ihlf '(x) ceNn (U, x1I),
hy(x) , xe(U,x I')—N.

Observe that h}is a homeomorphism on each of the domains of defini-
tion and that the domains are closed in sz I,

(3.5) h; is well defined. Suppose xe INN (U, xINN[(U,xI') —N] =
(N — N)N(U,xI'). Then since x € N—N, h,f'(x) = h,.f(x) = hhi'h, ()=
o).

RUNN(U, x I")) = hy( NN (U, x I")) .
RN 0 (U, x I')) = hf'(N 0 (U, x I')) ,
(3.6) =hf(N N (UxI)),
= hlhl_lhz(lv N (Uz X I,)) ’
=h(Nn (U, x I) .
(8.7) h}is a homeomorphism. If follows from (8.6) and (3.4) that

h;(l\_/'ﬂ(szI'))ﬂh;((szI’)—N)=hZ(Nﬂ(szI’)nhz((szI')—N)=0 .

Hence 2} is 1 -1. On the other hand the image of each domain is closed

in AU, x I')(again by (3.6) and (8.4) and the fact that &} is a homeomor-
phism on each domain.

Suppose x € V. Then since f'|V =1, hi(x) = h,f'(2) = h(x). Finally,
suppose « € U,. If (x,0) ¢ N then hj(x, 0) = hy(x, 0) = h(x). If (x,0)e N
then, since N is a spindle neighborhood of U x 0, (z,0)e V. Hence
hi(z,0) = h.f'(x, 0) = hy(z, 0) = h(x).

Pk hNy

Ux0 Kx0

U x 0

Figure 3

LEMMA 4. Let B be a subset of a metric space X. Suppose B=U,U U,
where Uy, U, are open in B and U, N U,#0. If both of U, U, are col-
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LOCALLY FLAT IMBEDDINGS 337

lared in X then B is collared in X.

PrOOF. Since B is a normal space there are open subsets O,, O, of B
such that O, ¢ U,, 0, c U,and B=0, U O,. Let K =0, N O0,. Then K
is a closed subset rel B of U, N U,. By the hypothesis there exist homeo-
morphisms %,(t = 1,2) of U; x I' onto a neighborhood of U, in X such
that h,(b, 0)=0b,b € U,. Applying Lemma 3 (with & the identity map) we
get a homeomorphism hj: U, x I' - — h, (U, x I') and a neighborhood
V of Kx0 in (U, N U, x I' such thathi|V =~"h,|V and k| U, x 0 =
h,| U, x 0.

Obviously (0O, —0,) N0, — 0, =0,—0,N (0, — 0,) =0, 1i.e., 0,—0,
and O, — O, are completely separated in X. Since X is a metric space
there exist disjoint open subsets W,, W, of X such that

0,—0,C W, C h(U, x I')

0,—0,c W,chy(U, x I .
Let V,, V, be spindle neighborhoods of (O, — 0,) x 0, (0, — O,) x 0 re-
spectively such that ~,(V,)) € W, hy(V,)C W,. Then V, is open in Bx [’,
MVY)NRY(V)=0,and Bx 0cCc V, U V,U V. Letf: V,U V,U V> X
be defined by

h.(x) , zxeV,,
f(@) = {hi(x) , zeV,,
h,(x) = hi(x) , xeV .

Clearly f is a well defined homeomorphism and f(b, 0) = b, b € B. Note
that V,U V, U Vis a neighborhood of Bx 0 in Bx I’. For V,>(0,—0,) %0,
V,2 (0, —0)xuv ..d Vo (0, n 0,)x0. In view of Lemma 1 the proof
is complete.

We are now in a position to prove the main result of this section.

THEOREM 1. A locally collared subset of a metric space is collared.

PROOF. Suppose B is a locally collared subset of the metric space X.
Let us say that an open subset of B has property C if it is collared in X.

(i) C s hereditary, i.e., if U has property Cand V is an open subset
of U then V has property C.

If V is empty it has property C by definition. Suppose V = 0. Then
U + 0, and there is a homeomorphism 4, of Ux I’ onto a neighborhood
of Uin X such that h,(x,0) = 2,2 U. Leth,=h,| VxI'.

(ii) C 1s closed under disjoint union, i.e., if {U.lues 18 @ pairwise
disjoint collection of open subsets of B each having property C, then
UeedU.} has property C.

Suppose %, is the homeomorphism of U, x I' onto a neighborhood of U,
in X such that &,(x,0) = «, x € U,. Since X is a metric space there is a
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338 MORTON BROWN

pairwise disjoint collection {W,},e, of open subsets of X such that
U,c W, Ch(UyxI),aaecA’ Let O = Uueshz'(W,). Then O is an
open subset of Bx I' and ODU,e{U,%x0}. Let h: O — X be the homeo-
morphism defined by 2 |(U,xI') N O =h,|(U,xI') N O. In view of
Lemma 1, U.e.{U.} is collared.

(iii) Suppose U, U, are open subsets of B each having property C.
Then U, U U, has property C.

If U, n U, =0, (iii) is a consequence of (ii).

If U N U, =+ 0, (iii) is a consequence of Lemma 4.

In a metric space, a property of open sets satisfying conditions (i)-(iii),
and which is satisfied locally, is possessed by all open subsets [7]. In par-
ticular, B itself has property C. This completes the proof of Theorem 1.

The following is a restatement of Theorem 1 into a theorem about ex-
tensions of homeomorphisms (cf. Lemma 0).

COROLLARY. Let X, B, Bx I' be metric spaces and h: Bx0— X be a
homeomorphism. Suppose B can be covered by a collection of open sub-
sets {Uylues sSuch that for each ae A, h| U,x0 has a homeomorphic ex-
tenston h, mapping U, x I' onto a neighborhood of h(U,x0). Then h
has a homeomorphic extension mapping B x I' onto a neighborhood of
h(B x 0).

IV. Applications to manifolds

An n-manifold with boundary is a connected metrizable topological
space such that each point has a closed neighborhood homeomorphic to an
n~-cell. As usual the boundary consists of the subset of points which do not
have (open) neighborhoods homeomorphic to E*. If the boundary is emp-
ty, the manifold with boundary will be called a manifold. Suppose X is
an n-manifold, and B is a subset of X which is an r-manifold under the
relative topology. Then B is an r-submanifold of X. Suppose, in partic-
ular, that »r =n — 1. Then B is two-sided in X if there is a connected
neighborhood N of B which is separated by B.** Finally B is locally flat
in X if for each point b € B there is a neighborhood N, of b in X and a
homeomorphism #,: N, - E™ such that h,(N, N B) C E"~* C E".

REMARK. In the definition of locally flat there is no loss of generality
in requiring that #,(N,) = E™ and h,(N, N B) = E**. The definition is
equivalent to that given in § I. The following two lemmas are easily es-
tablished, and we state them without proof.

LEMMA 5. The boundary of an n-manifold with boundary is locally

9 Let Wa = ha(Ues X I') N {x€ X | D(x, Us) < D(x, U p=2Up)}-
10 In this case N — B has two components.
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LOCALLY FLAT IMBEDDINGS 339

collared.

LeEMMA 6. A submanifold B of a manifold X" is locally flat in X"
if and only if it is locally bi-collared in X™.

THEOREM 2. The boundary of an n-manifold with boundary is collared.
This follows directly from Theorem 1 and Lemma. 5.

THEOREM 3. Let B"~' be a locally flat two-sided (n — 1)-submanifold
of a manifold X". Then B"* is bi-collared in X*.

Proor. Let N be a connected neighborhood of Bin X which is separat-
ed by B, and let @, R be the components of N — B.*® Since B is locally
flat in N,Q U Band R U B are manifolds with boundary B. It follows
from Theorem 2 that B is collared in each. Hence B is bi-collared in X.

REMARK. The case of a one sided manifold will be treated in a forth-
coming paper by E.A.Michael.

THEOREM 4. Let ="' be locally flat in S™. Then ="' is flat in S™.
Proor. This follows from Theorem 3 above and Theorem 5 of [5].

V. Applications to polyhedral manifolds

DEFINITIONS." A 0-star sphere X°is a pair of points. A 0-star cell J°
is a single point. For » > 0 an n-star sphere =" (n-star cell J*) is a finite
complex homeomorphic to the n-sphere S”(n-cell I*) and such that the
link" of each vertex is a =" '(Z* ' or J*'). An n-star manifold M" (mani-
fold with boundary N™) is a locally finite complex such that the link of
each vertex is a 2" '(Z*' or J**). A 0-star manifold (manifold with
boundary) is an even (odd) numbered set of points.

A combinatorial n-cell I"(n-sphere S*) is a finite complex which has a
linear subdivision isomorphic to some linear subdivision of an nm-simplex
(the boundary of an (n + 1)-simplex). A combinatorial n-manifold (n-
manifold with boundary) is a locally finite complex such that the link of
each vertex is an S*(S*~* or I"™).

REMARK. The reader is referred to [11] for a more complete discussion
of star manifolds. Combinatorial manifolds are special cases of star mani-
folds. If every combinatorial manifold homeomorphic to an n-sphere is a
combinatorial n-sphere (and this has been proved for n+4, 5, 7 by Smale
[12]), then all n-star spheres are combinatorial n-spheres). Unfortunately,
the only proof we know of this implication requires induction on #; hence
even with Smale’s result, n-star spheres are known to be combinatorial

11 These definitions are due to Newman [11].

2 The link of a vertex » in a complex K consists of the union of the closed simplexes ¢
of K not containing v but such that the join of v and ¢ is a simplex of K. We denote it by
1k (v, K). St(», K) = star of v in K is the join of v with 1k (v, K).
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340 MORTON BROWN

spheres only for n = 3 (and combinatorial manifolds for n = 4).

THEOREM 5. Let M™ be an (n — 1)-star manifold imbedded as a sub-
complex of an n-star manifold M*. Then M is locally flat in M".

ProoOF. The theorem is evidently true for n» = 1. Inductively, suppose
we have proven the theorem for n = k. Let M* be a k-star manifold
imbedded as a subcomplex of the (k& + 1)-star manifold M*+'. Let v be a
vertex of M*. Then lk(v, M*)is a =**' imbedded as a subcomplex of
lk (v, M*+') which is a 2*. By the induction hypothesis 1k(v, M*) is locally
flat in lk(v, M**'). Applying Theorem 4 we obtain a homeomorphism
h: lk(v, M**)— —S* such that h(lk(v, M¥)) is the equator S** of S*. We
may think of S* as the unit sphere of E**' with S** in the hyperplane
E*. Since St(v, M*)" is the join of v and lk(v, M**') and, since the unit
ball B®*! is the join of the origin and S*, & can be extended in the obvious
way to a homeomorphism 4: St(v, M*+)— — B+, Furthermore, St (v, M¥)
is the join of v with lk (v, M*). Hence (St (v, M*))c E*. Since each point
of M* lies in the interior of the star of some vertex of M* we have estab-
lished that M* is locally flat in M***. The following theorem is an im-
mediate consequence of Theorem 5 and Theorem 3.

THROREM 6. Let M"* be an (n — 1)-star manifold imbedded as a 2-
sided subcomplex of an n-star manifold M*. Then M is bi-collared
m M".

THEOREM 7. (Newman). Let 2" be an (n — 1)-star sphere imbedded
as a subcomplex of an n-star triangulation of the n-sphere S*. Then
S*1is flat in S™.

QUESTION. Suppose K is bi-collared (n — 1)-polyhedron in E*. Is K a
manifold? The answer is affirmative if and only if the link of every ver-
tex in a triangulated n-manifold is an (» — 1)-manifold. A negative answer
would give a counter example to a very weak form of the Hauptvermutung
for spheres.

UNIVERSITY OF MICHIGAN AND INSTITUTE FOR ADVANCED STUDY

REFERENCES

1. L. ANTOINE, Sur I’homeomorphie de deux figures et de leurs voisinages, J. Math. Pures.
Appl., 86 (1921), 221-235.

2. J. W. ALEXANDER, On the subdivision of 3-space by a polyhedron, Proc. Nat. Acad. Sci.
U.S.A., 10 (1924), 6-8.

, An example of a simply connected surface bounding a region which is not sim-
ply conmected, Proc. Nat. Acad. Sci. U.S.A., 10 (1924), 8-10.

4. R. H. BING, Locally tame sets are tame, Ann. of Math., 59 (1954), 145-158.

. M. BROWN, A proof of the generalized Schoen flies theorem, Bull. Amer. Math., Soc., 66

(1960), 74-76.

o

This content downloaded from
195.37.209.180 on Thu, 22 Oct 2020 08:42:37 UTC
All use subject to https://about.jstor.org/terms



LOCALLY FLAT IMBEDDINGS 341

6. B. MAZUR, On imbeddings of spheres, Bull. Amer. Math Soc., 65 (1959), 59-65.

7. E. A.MICHAEL, Local properties of topological spaces, Duke Math. J., 21 (1954), 163-171.

8. E.E. MOISE, A ffine structures in 3-manifolds (V), Ann. of Math., 56 (1952), 96-114.

9. ———, Affine structures in 3-manifolds (VIII), Ann. of Math., 59 (1954), 159-170.

10. M. MORSE, A reduction of the Schoen flies extension problem, Bull, Amer. Math. Soc.,

66 (1960), 113-115.

. M. NEWMAN, On the division of euclidean n-space by topological n — 1 spheres, Proc.

Royal Soc. London, 257 (1960), 1-12.

S. SMALE, Differentiable and combinatorial structures on manifolds, Ann. of Math., 74
(1960), 498-502.

11

12.

This content downloaded from
195.37.209.180 on Thu, 22 Oct 2020 08:42:37 UTC
All use subject to https://about.jstor.org/terms



	Contents
	p. 331
	p. 332
	p. 333
	p. 334
	p. 335
	p. 336
	p. 337
	p. 338
	p. 339
	p. 340
	p. 341

	Issue Table of Contents
	Annals of Mathematics, Vol. 75, No. 2 (Mar., 1962) pp. 209-418
	Algorithms for Jordan Curves on Compact Surfaces [pp. 209-222]
	Some Uniqueness Results in the Theory of Symmetrization, II [pp. 223-230]
	Immersions in the Stable Range [pp. 231-241]
	Modular Forms Whose Coefficients Possess Multiplicative Properties, II [pp. 242-250]
	An Identification of Suzuki Groups With Groups of Generalized Lie Type [pp. 251-259]
	Secondary Operations on Mappings and Cohomology [pp. 260-282]
	Homotopy Commutative H-Spaces [pp. 283-311]
	On the First Betti Number of Compact Quotient Spaces of Higher-Dimensional Symmetric Spaces [pp. 312-330]
	Locally Flat Imbeddings of Topological Manifolds [pp. 331-341]
	佮⁴桥⁔桥潲礠潦 렭䙵湣瑩潮猬⁴桥⁍潤畬椠潦⁁扥汩慮⁖慲楥瑩敳Ⱐ慮搠瑨攠䵯摵汩⁯映䍵牶敳⁛灰⸠㌴㈭㌸ㅝ
	On Nilalgebras and Linear Varieties of Nilpotent Matrices, IV [pp. 382-418]



